We report on the observation of multimode strong coupling of a small ensemble of atoms interacting with the field of a 30-m long fiber resonator containing a nanofiber section. The collective light-matter coupling strength exceeds the free spectral range and the atoms couple to consecutive longitudinal resonator modes. The measured transmission spectra of the coupled atom-resonator system provide evidence of this regime, realized with a few hundred atoms with an intrinsic singleatom cooperativity of 0.26. These results are the starting point for studies in a new setting of light-matter interaction, with strong quantum non-linearities and a new type of dynamics.
In recent years, the control of light-matter interaction at the fundamental quantum-mechanical level has already proven successful for, e.g, the implementation of quantum metrology, quantum simulation, quantum communication, and information processing. A milestone in this endeavor was the realization of strong coupling between single quantum emitters and single photons in CQED [1] ; in this regime, the coherent emitter-photon dynamics is faster than all incoherent decay rates of the system. In ensuing experiments, this achievement led to a variety of applications [2] such as controlled quantum state transfer [3] [4] [5] , back-action-free state detection [6] or the implementation of new quantum protocols [7] [8] [9] .
Interfacing the resonator mode simultaneously with many identical quantum emitters such as neutral atoms not only allowed to reach extremely large collective lightmatter coupling strengths [10] , but also initiated new approaches for quantum devices. These include single photon transistors [11] , new methods for the generation of collective mesoscopic quantum states [12, 13] and realtime observation of optical photons [14] . Furthermore, in such systems, the resonator mode can be employed to provide an infinite-range interaction between the different atomic qubits, a key ingredient for the study of the quantum dynamics of collective light-matter systems [15] [16] [17] [18] . Moving beyond coupling with a single electromagnetic mode, new experimental platforms where atoms couple with a number of degenerate, higher-order transverse resonator modes, are under development [19] [20] [21] . These could be employed, for instance, for photonic quantum information processing [22] .
A largely unexplored regime of cavity QED is reached when a single emitter or an ensemble of emitters interacts strongly with several non-degenerate, longitudinal modes of a long cavity. This scenario bridges a gap between two archetypical regimes of light-matter interaction: the strong coupling of emitters to a single resonantly enhanced field mode, giving rise to, e.g., vacuuminduced Rabi-oscillations [23] , and the coupling of emitters to a single spatial mode with a continuous spectrum, enabling applications such as efficient single photon sources [24] . In this regime of so-called multimode strong coupling, the emitter-resonator coupling strength exceeds the free-spectral range (FSR) of the resonator as well as the single-emitter decay rate. Previous investigations in the microwave and acoustic domains [25, 26] have recently put this novel regime, also coined superstrongcoupling regime [27] , in the spotlight.
Here, we realize multimode strong coupling (MMSC) with a small ensemble of atoms that is coupled to a 30-m long optical fiber ring resonator. In the transmission spectrum, several longitudinal cavity resonances are significantly modified and coupling strengths of up to twice the FSR are observed. We determine the number of coupled atoms by analysing the second order correlation function of fluorescence light scattered into the fiber ring. Remarkably, the MMSC regime is reached in our experiment with as little as 200 atoms. At the same time, we infer an intrinsic single-atom cooperativity of 0.26, meaning that the system's dynamics depends on a quantized degree of freedom, as its response will be nonlinear at the level of a few photons. This sets our work apart from more conventional situations in, e.g., laser physics, where the dispersion of a macroscopic medium inside the resonator can exceed the FSR.
Our experiment relies on four key aspects [28] . First, the light field in the resonator and the atoms are coupled via the evanescent field surrounding the nanofiber-waist of a tapered optical fiber (TOF) [29, 30] . The strong transverse confinement of the nanofiber-guided light gives rise to a large single-pass atom-field coupling strength. Second, thanks to the low transmission losses, a TOF can be turned into an optical resonator. Indeed, strong atom-light coupling was demonstrated for TOF-based Fabry-Perot and ring resonators [31, 32] . Third, our resonator consists of a ∼ 30 m long fiber ring, whose FSR is as small as ν FSR = 7.1 MHz, eight orders of magnitude smaller than the carrier frequency of the optical field. In this geometry, the single-atom cooperativity C 1 = g 2 1 /2(κ 0 + κ ext )γ (κ 0 being the intrinsic cavity loss rate, κ ext the in-and out-coupling rate, γ the spontaneous emission rate of the atom, and g 1 the single-atom, single-photon coupling strength) is independent of resonator length as long as the fiber propagation losses can be neglected [28] . Under this condition, the FSR of the resonator can be decreased without affecting C 1 . Finally, to further enhance the coupling, we use a small ensemble of N laser-cooled atoms, interacting with the resonator with a collective strength g N = √ N g 1 . , and the heating laser light (1 mW, wavelength: 780 nm) are combined, fiber coupled, and sent into a variable fiber beamsplitter (FBS) which couples light into and out of the resonator. The polarization of the probe and lock light are independently controlled. The resonator is placed inside an acoustically and thermally insulating box, except for the section fed into the vacuum chamber, which contains the nanofiber-waist of the TOF (diameter: 400 nm, length: 1 cm). A cloud of lasercooled atoms is overlapped with the waist. During the preparation phase, the lock light is directed towards a polarization detection set-up using an acousto-optical modulator (AOM). The generated lock signal is fed back onto a piezoelectric element (PE) which stretches the fiber to compensate for external perturbations. During the probing phase, the resonator output is then redirected onto a single-photon counting module. An interference filter (IF) removes the 780-nm heating light prior to the detection.
The experimental sequence alternates between two phases: the preparation phase, during which the resonator frequency is actively stabilized and a cloud of cold Cs is prepared around the nanofiber by means of a magneto-optical trap (MOT), and a probing phase, where the locking is intermittently interrupted. The resonator frequency is locked to the probe laser using polarization spectroscopy with feedback onto a piezoelectric actuator (see Supplemental Material, [33] ) [34, 35] . In our setup, see Fig. 1 , a variable fiber beamsplitter (FBS) allows us to control the coupling rate of light into and out of the resonator [28] . We use two settings of this FBS: For the first setting, the coupling rate is chosen such that the on-resonance transmission through the coupling fiber is minimized for the bare resonator. We refer to this critical coupling configuration as the fiber-loop being closed. All later measurements on MMSC are performed under this condition. For the second setting, the light only takes one round-trip in the resonator. We also refer to this fully overcoupled regime as the fiber-loop being open. This second setting allows us to deduce the single-pass on-resonance optical depth (OD) of our atomic sample measured through the waveguide.
We measure transmission spectra of the coupled atomresonator system with open and closed fiber-loop. The probing phase consists of two measurement intervals of 1 ms duration, a first interval with atoms and a reference interval without atoms. The probe power is chosen such that the mean intra-cavity photon number is < 1. Within each interval, the probe field's frequency is swept over 40 MHz (about five FSRs) with an acoustooptical modulator. The transmission spectra are acquired using a single-photon counting module. With the open fiber-loop (a), the transmission is inhibited by the atomic cloud over a frequency range of more than 10 MHz. The fit shown in red yields an onresonance optical depth of OD = 12.7. For the closed fiber-loop (b), without atoms, the transmission spectrum shows the equidistant resonances of the empty cavity, see grey line. For the coupled atom-resonator system, the measured spectrum (blue line) qualitatively differs from both the empty resonator and the single-pass transmission spectrum of the atoms. In particular, the central resonance is split and higher-order resonances are shifted outwards. The theoretical prediction (red line, see [33] ) only contains a residual atom-resonator detuning, ∆ at = ω at −ω res , as a free fit parameter. The latter is found to be ∆ at /2π = 150 kHz. The underlying collective coupling strength, g N /2π = 8.7 MHz, was deduced from the OD measured in Fig. 2(a) . The very good agreement between theory and measurement, for g N well in excess of the FSR, clearly reveals that our system operates in the multimode strong coupling regime. The slight deviation between theory and measurement can possibly be attributed to the detuning-dependent dipole forces exerted by the probe light in the resonator which are known to modify the atomic density near the nanofiber surface [36] . Given the fact that the atom-resonator detuning is much smaller than collective coupling strength, the single-atom decay rate, and the FSR, we set ∆ at = 0 in what follows. waiting time between switching off the MOT and probing the atom-resonator system. The abscissa values of g N are deduced from fitting our model to the individual experimental spectra, see [33] . For g N /(2πν FSR ) 1, a splitting of the central resonance becomes visible and increases with g N . Moreover, the outer resonances are progressively shifted outwards, and become shallower. The maximum coupling found here is g N /2π = (9.2 ± 0.07) MHz, in good agreement with the independently measured value from Fig. 2. Figure 3(b) shows the frequency shift, δ, of the ±1 st -order and the ±2 nd -order resonator modes from to their original positions in the empty resonator as a function of g N . Here, the magnitude of the shift of each mode increases with coupling strength: the ±1 st -order modes (shown in circles) shift more strongly than the ±2 nd -order modes (in squares) which are further detuned from the atomic transition. The solid lines give the theoretical prediction for the positions of the modes. The agreement with the theoretical prediction is very good for the +1 st -and +2 ndorder modes. For the −1 st -and −2 nd -order modes, the observed shifts are smaller than expected from theory. We attribute this discrepancy to the detuning-dependent dipole forces exerted by the probe light, see above. The circles represent the ±1 st -order modes, whose bare-resonator frequency differs by ±νFSR from the central resonance, and the squares the ±2 nd -order modes. As expected, both pairs of modes show a substantial shift on the scale of νFSR, where the magnitude of the shifts of the ±1 storder modes is larger than for the ±2 nd -order modes.
In order to measure the number of coupled atoms, N , we excite the atomic cloud with the MOT laser beams and collect the resonance fluorescence photons that are emitted into the nanofiber-guided mode. For this mea-surement, the fiber-loop is open such that the light is directly guided towards the detector. The information on N is then contained in the second-order (intensityintensity) correlation function, g (2) (τ ). The measurement sequence alternates between a cooling phase (200 µs of magneto-optical trapping) and a 20-µs long fluorescence phase during which the MOT beams are switched into resonance with the atoms. In this setting, the form of g (2) (τ ) depends on the number of emitters contributing to the signal [37] . In particular, when many atoms radiate, g (2) (τ ) exhibits bunching at τ = 0, a signature originating from the stimulated emission processes involved. For small atom numbers, on the contrary, anti-bunching is expected at τ = 0. Indeed, once a given atom emitted a photon, the emission of a second photon is prohibited on the timescale of the lifetime of the atomic state. This transition from anti-bunching to bunching happens at small atom numbers, which is the regime we placed ourselves in for this calibration experiment [38, 39] . Performing this measurement for OD = 0.06 ± 0.01, 0.11 ± 0.02, and 0.20 ± 0.01, determined from independently measured transmission spectra, we obtain the correlation data shown in Figure 4 . We fit the model from [37] to the correlation data, see Supplemental Material, and find effective numbers of coupled atoms of N eff = 2.7 ± 0.3, 4.3 ± 0.3 and 9.5 ± 0.5. The theory agrees well with the data but starts meeting its limits for OD = 0.20. From N eff and the respective ODs, we deduce an average optical depth per atom of OD 1 = 0.022 ± 0.005. This corresponds to an intrinsic single-atom cooperativity of C 1 = 0.26, [33] , a value which remains substantial despite the very long resonator. Using OD 1 , we can now convert any measured total OD into the effective number of coupled atoms. In particular, the threshold to MMSC is reached with as little as N eff = 294 ± 34 atoms and the largest collective coupling of g N /2π = 1.3 × ν FSR presented in Fig. 3 requires only N eff = 645 ± 109 atoms.
The experimental realization of multimode strong coupling for only 200 atoms sets the stage for devising novel applications and for the scientific exploration of cavity QED in an entirely new regime. For example, the expected non-Markovian dynamics of our experimental system is challenging theoretically and uncharted experimentally. In this context, pulsed revivals of the atomic inversion on the time scale of the round-trip time of the resonator, rather than sinusoidal vacuum Rabi oscillations, have been predicted [40] . Moreover, the interaction of different cavity modes that occurs under the condition of MMSC, in conjunction with the substantial single-atom cooperativity, should enable resonator-enhanced wave-mixing of fields containing only a few photons each. Finally, our system may also pave the way towards the implementation of quantum annealing algorithms using atoms [41] or photons [42] as carriers of information.
SUPPLEMENTAL MATERIAL

Transmission Model
In the following section, we outline the derivation of the transmission spectrum of a multimode cavity. The considered setup consists of a coupling fiber and fiber-loop of length L which constitutes the resonator. The coupling between the resonator and incoming fiber is realized using a fiber beamsplitter with an adjustable splitting ratio. The beamsplitter connects the coupling fiber input field c †
Here, c † x and d † x are the creation operators for a photon at position x incoming or outgoing of the resonator and a † l is the creation operator for a photon at position l in the resonator. Note that we assume uni-directional coupling (i.e. no backscattering) of the atoms and thus only consider the forward propagating field modes. The positions x = 0, l = 0, and l = L denote the different ports of the beamsplitter. Using these definitions and following the approach outlined in [43] the full problem can be described by the Hamiltonian:
where σ + n (σ − n ) are the raising (lowering) operators for atom n at position l n , N the total number of atoms, v g the group velocity of light in the resonator, and ω a the atomic resonance frequency. Furthermore, V = 2v g βγ, where β = γ nf /γ is the ratio of the spontaneous emission rate of the atom into the nanofiber mode γ nf and the total emission rate γ. The (non-Hermitian) operator U bs describes the coupling between the resonator and coupling fiber and is given by:
where t 1 is the transmission coefficient of the beamsplitter for the transformations c †
The factor t rt accounts for resonator roundtrip losses. The transmission coefficients are related to the standard resonator parameters via t rt = 1 − κ 0 /(2πν F SR ) for the single round trip transmission of the resonator, and
To obtain the steady state solutions we have to solve the eigenvalue problem H|Ψ = |Ψ . For a single photon the general quantum state is given by
Without loss of generality, we assume that the atomic ensemble is located at position l 0 inside the resonator. We can then make the Ansatz that the steady state photon wavefunction is described by From this we obtain the following set of equations for the amplitudes φ i in the steady-state case:
where t at describes the transmission through a single atom given by
with ∆ = ω a −ω the atom-light detuning. Solving this set of equations, we obtain for the steady-state transmission through the fiber:
where kL = ω/ν F SR .
Relation between OD and g N To deduce the collective coupling strength g N , we can make use of a related experimentally accessible quantity, i.e. the optical depth OD of the atomic ensemble coupled to the nanofiber. For uni-directional coupling, the optical depth of a single atom (OD 1 ) is related to the fraction of spontaneous emission into the nanofiber-mode β by OD 1 = 4β, provided β 1. Moreover, the cooperativity of the ensemble of atoms is directly related to the singlepass optical depth of the atomic cloud and the resonator finesse F, so that:
Alternatively, the cooperativity is also defined by
Combining these two expressions, the collective coupling g N can be expressed as
The optical depth of the cloud therefore gives a measurement of the collective coupling. This quantity is easily accessed in our experiment [44] .
Locking of the cavity
To lock the resonator to the atomic transition, we use polarization spectroscopy as detailed in [35] . We feedback onto a piezoelectric element, stretching the fiber resonator in response to external perturbations. The experimental sequence alternates between probing and locking. An acousto-optical modulator (AOM) is used to switch between the detection setup and the probing setup. The main advantage of the AOM compared to a 50/50 beamsplitter is that very little probe beam power is lost in the detection chain.
The lock's bandwidth is about 100 Hz. Our resonator exhibits some residual fluctuations at ∼140 Hz, leading to a broadening of the resonator lines. These fluctuations are most probably related to a mechanical excitation of the fiber mount. In order to compensate for this, we apply a recentering algorithm to overlap data from different times. This algorithm relies on the reference spectrum of the unloaded cavity which we acquire 3 ms after recording each shot with atoms. All the empty resonator spectra are overlapped by minimising the least square differences and the resulting correction is applied to the loaded resonator spectra.
Correlation measurements of resonance fluorescence: OD per atom calibration
In the following, we detail how we derive the number of atoms in the ensemble interacting with the resonator mode from the second-order correlation function.
We set the resonator to the fully overcoupled condition and excite the atoms using the beams of the magnetooptical trap, set to be resonant to the Cs cycling transition. The fraction of fluorescence photons scattered into the nanofiber is collected on two detectors placed after a 50/50 beamsplitter. These measurements are conducted at intensities exceeding the saturation intensity of the atomic transition to collect sufficient photon numbers, and were performed for different optical depths. The temporal shape of the measured correlations then contains information on the atom number [37] [38] [39] . The nonnormalized second order correlation function G (2) for the light scattered by the atomic ensemble is given by [37] 
where τ is the delay between two photon-detection events, N is the number of atoms in the ensemble and Γ (1) (Γ (2) ) the single-atom first-(second-) order correlation function. These two functions are analytically known [37] and depend on the Rabi frequency of the excitation light. The coefficients µ 0 and µ are geometric parameters taking into account the profile function of the nanofiber-guided modes. For small atom numbers, the first-order term dominates and gives rise to anti-bunching: if a single atom emitted a photon, the emission of a second photon is inhibited on a time scale of the lifetime of the probed transition. On the other hand, for large atom numbers the term proportional to Γ (2) dominates, and stimulated emission leads to bunching.
To obtain the atom number, we fit Eq.(10) to our measured data. We use a constrained fit, where the values for µ, µ 0 are restricted to intervals taken from [38] . These quantities are not known exactly in the case where atoms are randomly distributed around the nanofiber with random dipole orientations. The error due to this uncertainty dominates the error on the determined atom number. The Rabi frequency is left as a free fit parameter. We found similar values for the three sets of data, which were taken in the same experimental conditions. The background is subtracted and the measured correlations are normalized by taking the asymptotic values reached at 10 µs, much longer than the typical time scales at play here. This model agrees well with the measured data for small atom numbers.
